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FINITE-SIDED DEFORMATION SPACES OF
COMPLETE AFFINE 3-MANIFOLDS
VIRGINIE CHARETTE, TODD A. DRUMM, AND WILLIAM M. GOLDMAN
Abstract. A Margulis spacetime is a complete affine 3-manifold
M with nonsolvable fundamental group. Associated to every Mar-
gulis spacetime is a noncompact complete hyperbolic surface S.
We show that every Margulis spacetime is orientable, even though
S may be nonorientable. We classify Margulis spacetimes when S
is homeomorphic to a two-holed cross-surface Σ, that is, the com-
plement of two disjoint discs in RP2. We show that every such
manifold is homeomorphic to a solid handlebody of genus two,
and admits a fundamental polyhedron bounded by crooked planes.
Furthermore, the deformation space is a bundle of convex 4-sided
cones over the space of marked hyperbolic structures. The sides of
each cone are defined by invariants of the two components of ∂Σ
and the two orientation-reversing simple curves. The two-holed
cross-surface, together with the three-holed sphere, are the only
topologies Σ for which the deformation space of complete affine
structures is finite-sided.
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2 CHARETTE, DRUMM, AND GOLDMAN
1. Introduction
A Margulis spacetime is a geodesically complete flat Lorentzian 3-
manifold M3 with free fundamental group. Such manifolds are quo-
tients E/Γ of 3-dimensional Minkowski space E by a discrete group Γ of
isometries acting properly on E. By [13, 22] every complete affinely flat
3-manifold has solvable fundamental group or is a Margulis spacetime.
In the latter case the linear holonomy
π1(M) ∼= Γ
L
−→ SO(2, 1)
is an embedding of Γ onto a discrete subgroup Γ0 = L(Γ). Thus,
associated to every Margulis spacetime is a complete hyperbolic surface
S = H2/Γ. This hyperbolic surface has an intrinisic description: it
consists of parallelism classes of timelike lines (particles) in M . In
particular Γ is an affine deformation of the Fuchsian group Γ0, and we
say that M is an affine deformation of the hyperbolic surface S.
We conjecture that every Margulis spacetime M is tame, that is,
admits a polyhedral decomposition by crooked planes. A consequence
is that M is topologically tame, that is, homeomorphic to an open solid
handlebody. We start with the simplest groups of interest, those whose
holonomy is a rank two group. (The cyclic case is trivial.) We pre-
viously established the conjecture when S is a three-holed sphere [7].
In this paper, we establish the conjecture for its nonorientable coun-
terpart, when S is homeomorphic to a two-holed projective plane. Ev-
ery nonorientable surface of negative Euler characteristic contains an
embedded two-holed cross-surface. For this reason, we expect the two-
holed cross-surface, like the three-holed sphere, to act as a building
block for proving the general conjecture.
J. H. Conway has introduced the term cross-surface for the topo-
logical space underlying the real projective plane RP2. Let Σ be a
2-holed cross-surface, that is, the topological surface underlying the
complement of two disjoint discs in RP2. As is common in deformation
theory, we fix the topology of Σ and consider marked geometric struc-
tures, that is, homotopy classes of homeomorphisms Σ → S, where S
is a surface with a hyperbolic structure.
The first part of the paper focuses on the hyperbolic structure. In
particular we describe the space of marked complete hyperbolic struc-
tures on Σ. We call this space the Fricke space of Σ and denote it by
F(Σ). In the second part of the paper, we explicitly describe the space
of all Margulis spacetimes arising from Σ as a bundle of convex 4-sided
cones over F(Σ).
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Like [7], the classification involves both the topology of M and the
geometry of the deformation space. We show that every affine deforma-
tion of S is homeomorphic to a solid handlebody of genus two by con-
structing an explicit fundamental polyhedron. Although the two-holed
projective plane is a nonorientable surface, its affine deformations are
orientable 3-manifolds. In fact, every Margulis spacetime is orientable
(Lemma 4.1).
There are four isotopy classes of essential primitive simple closed
curves on Σ. Two of these curves, denoted A and B, correspond to
components of ∂Σ. The other two, denoted X and Y , reverse orienta-
tion and intersect transversely in one point.
If we fix a hyperbolic structure S, the boundary curves A and B
correspond either to closed geodesics bounding funnels (complete ends
of infinite area with cyclic fundamental group) or cusps (ends of finite
area). When a curve K bounds a funnel, ℓK is the (positive) length of
the closed geodesic and when the boundary curve cuts off a cusp ℓK is
set equal to 0. An orientation-reversing curve K always corresponds
to a closed geodesic, so that ℓK represents this length and is always
positive. For (
ℓA, ℓB, (ℓX , ℓY )
)
∈
(
[0,∞)× [0,∞)
)
× R2+
the lengths satisfy the identity (9), and the Fricke space F(Σ) identifies
with (
[0,∞)× [0,∞)
)
× R+.
The boundary ∂F(Σ) has two faces sharing a common edge. One face
is defined by ℓA = 0 and the other by ℓB = 0. These faces intersect
in the line ℓA = ℓB = 0, which corresponds to complete hyperbolic
structures with finite area.
Fix a linear representation ρ0 of π1(S) in the special orthogonal group
SO(2, 1). An affine deformation of ρ0 is a representation ρ in the group
of Lorentzian isometries whose linear part is ρ0, that is,
L ◦ ρ = ρ0.
An affine deformation ρ of ρ0 is proper if it defines a proper affine
action of π1(S) on E. Equivalently ρ is the holonomy representation of
a complete affine structure on a 3-manifold M3 and the isomorphism
π1(S) −→ π1(M
3)
induced by ρ0 and ρ arises from a homotopy-equivalence S −→M
3.
Affine deformations of the fixed linear representation ρ0 correspond
to cocycles and form a vector space Z1(Γ0,V). Slightly abusing no-
tation, denote also by V the Γ0-module given by the linear holonomy
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representation ρ0 of Γ0 on the vector space V. Translational conjugacy
classes of affine deformations form the cohomology group H1
(
Γ0,V
)
.
When S is a two-holed cross-surface, or, more generally, any surface
with π1(Σ) free of rank two, H
1(Γ0,V) ∼= R
3. In his original work [20,
21], Margulis introduced a marked signed Lorentzian length spectrum
invariant, which now bears his name. This R-valued class function on
π1(S) detects the properness of an affine deformation, and determines
an affine deformation up to conjugacy [6, 12].
Under the correspondence between affine deformations and infinites-
imal deformations of the hyperbolic structure on H2, Margulis’s invari-
ant identifies with the first derivative of the geodesic length function
on Fricke space [18, 15]. Originally defined for hyperbolic isometries of
E, it has been extended to parabolic isometries in [5], and to a function
on geodesic currents in [16].
Given a curveK ⊂ S, the Margulis invariant µK is a linear functional
on H1(Γ0,V). The four functionals associated to the curves A,B,X, Y
satisfy the linear dependence (14). Let FourSided denote the open cone
in H1(Γ0,V) such that all the quantities µA, µB, µX , µY . are either all
positive or all negative. Figure 6 offers a projective view of FourSided;
each line corresponds to a zero-set of a µK for some curve K.
Proper affine deformations will be investigated via crooked planes ,
polyhedral surfaces introduced in [9, 10, 11]. A proper affine deforma-
tion is tame if it admits a fundamental polyhedron bounded by crooked
planes. The Crooked Plane Conjecture [11, 7], which we prove for affine
deformations of the two-holed cross-surface, asserts that every proper
affine deformation is tame.
Denote the subspace of H1(Γ0,V) consisting of proper affine defor-
mations by Proper and the subset of Proper consisting of tame affine
deformations by Tame. Our main result is that
Tame = Proper = FourSided.
Main Theorem. Let S be a two-holed cross-surface. Then every
proper affine deformation of S is tame and the affine 3-manifold is
homeomorphic to a handlebody of genus two.
Let us underscore the fact that Proper is finite-sided, just like in
the case of the three-holed sphere, where proper deformations make
up a three-sided polyhedral cone [7]. In all other cases, the space of
proper affine deformations has infinitely many faces. In particular, for
the other two surfaces of Euler characteristic −1 (or equivalently, sur-
faces with fundamental group of rank two), namely the one-holed torus
and one-holed Klein bottle, the space of proper affine deformations is
defined by (necessarily) infinitely many linear conditions [4, 8].
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2. The two-holed cross-surface
In this first section, we investigate the topology of a two-holed cross-
surface. Then we endow it with a hyperbolic structure.
2.1. Curves and the fundamental group of Σ. We begin by re-
viewing the topology of the two-holed cross-surface Σ. Recall that X
and Y are orientation-reversing curves and that A and B bound Σ.
Represent Σ as the nonconvex component of the complement of two
disjoint discs in RP2 as follows. The coordinate axes in R2 extend to
projective lines in RP2 which intersect exactly once (at the origin) in
R2. Choose two disjoint hyperbolas in R2 which intersect the ideal
line in pairs of points which do not separate each other. In RP2 these
hyperbolas extend to conics which bound two disjoint convex regions.
The complement of these convex regions is a model for S. In Figure 1,
the complement of X and Y in S is foliated by curves homotopic to
the boundary curves A and B.
Choosing orientations and arcs from a basepoint o to each of these
four curves, define elements of π1(Σ, o) corresponding to A,B,X, Y .
Denoting these elements also by A,B,X, Y , respectively, yields the
redundant presentation
(1) π1(Σ, o) = 〈A,B,X, Y | XY = A, Y
−1X = B〉
Note that any two-element subset of {A,B,X, Y } except {A,B} freely
generates π1(Σ, o) and
(2) AB = X2.
Simple closed curves on S are easily classified. (See for example [2].) If
γ ⊂ S is a simple closed curve, then exactly one of the following holds:
• γ is contractible and bounds a disc;
• γ is peripheral and is isotopic to either A or B;
• γ is orientation-reversing and is isotopic to either X or Y ;
• γ is essential, nonperipheral, orientation-preserving and is iso-
topic to either X2 or Y 2.
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2.2. Hyperbolic structures on Σ. Consider a complete hyperbolic
surface S and a diffeomorphism (the marking) Σ −→ S. Choose a
universal covering S˜ → S, and a lift o˜ ∈ S˜ of the basepoint o ∈ S.
Choose a developing map S˜
dev
−−→ H2 and holonomy representation
π1(Σ, o)
ρ0
−→ Γ ⊂ Isom(H2) ∼= PGL(2,R).
The holonomy representation embeds π1(Σ, o) as a discrete subgroup
Γ0 = ρ0(π1(Σ, o)). The hyperbolic surface S may have finite or infinite
area.
When S is nonorientable, some elements of Γ reverse orientation.
When S is a two-holed cross-surface as above, ρ0(X) and ρ0(Y ) are
glide-reflections, while ρ0(A) and ρ0(B) are either transvections or par-
abolic isometries of H2. (Compare Figure 2.)
Henceforth, when the context is unambiguous, we suppress ρ0, for
example, simply writing A for ρ0(A).
2.3. Fundamental domains for the two-holed cross-surface. We
now construct a fundamental domain for the action of the associated
group Γ0 on the Nielsen convex region, a convex Γ0-invariant open
subset Ω ⊂ H2. Fundamental domains for incomplete surfaces give rise
to fundamental domains in E for complete Margulis space-times.
X
YA B
B A
Figure 1. The complement of two disjoint discs in RP2
is homeomorphic to a 2-holed cross-surface. The coor-
dinate axes correspond to the two orientation-reversing
simple loops X and Y . The two hyperbolas A and B
define components of the boundary.
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Denote the attracting and repelling fixed points of a hyperbolic isom-
etryW of H2 byW+ andW− respectively. IfW is parabolic then either
annotation represents the fixed point on ∂H2. Assume the fixed points
X+, Y +, X−, Y −
are in counter-clockwise order. (Compare Fig.2.) In H2, let Q be the
ideal quadrilateral with vertices:
B+, A−, A(B+), X(B+)
(Compare Figure 3.) The transvection A and the glide-reflection X
identify the four sides of Q as follows:(
A−, B+
)
A
7−→
(
A−, A(B+)
)
(
B+, X(B+)
)
X
7−→
(
X(B+), A(B+)
)
since A(B+) = X2(B+). (Compare Figure 3.) The diagonal
(
A−, X(B+)
)
divides Q into two ideal triangles. (Compare Figure 4.) Denote the
interior of the complement of a halfplane H by Hc. The sides of Q
bound four disjoint halfplanes which are pairwise identified by A and
X to define a Schottky-like system:
• The side
(
A−, A(B+)
)
bounds a halfplane HA;
• The transvection A−1 maps
(
A−, A(B+)
)
to the side
(
A−, B+
)
bounding the halfplane A−1(HcA).
• The side
(
X(B+), A(B+)
)
bounds a halfplane HX ;
• The glide-reflection X−1 maps
(
X(B+), A(B+)
)
to the side(
B+, X(B+)
)
bounding the halfplane X−1(HcA).
• The four halfplanes
HA, A
−1(HcA),HX , X
−1(HcA)
are pairwise disjoint.
The fundamental domain and its corresponding set of identifications for
the hyperbolic surface S = Ω/Γ0 serve as a template for the crooked
fundamental domains constructed in §6.1. The positions of the half-
planes and their bounding geodesics play a crucial role in ensuring
disjointness of the crooked planes.
8 CHARETTE, DRUMM, AND GOLDMAN
 
PSfrag replacements
X− X
+
Y −
Y +
X
Y
AB
AY = AX
−1
BY = BX
dev(o˜)
Figure 2. A fundamental domain for the two-holed
cross-surface S.
PSfrag replacements
X
A
B+ A
−
A(B+)
X(B+)
Figure 3. Identifications of the ideal quadrilateral. The
transvection A identifies the bottom two sides, which
share the ideal vertex A−. The glide-reflection X iden-
tifies the top two sides, which share the ideal vertex
X(B+). The arrows on the sides indicate how to identify
the sides.
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PSfrag replacements
X−1(HcX)
B+
A−1(HcA)
A−
HA
A(B+)
HX
X(B+)
Figure 4. The ideal quadrilateral Q with diagonal, and
the four halfplanes Q bounds.
3. The Fricke space of Σ
This section describes the deformation space of marked hyperbolic
structures on Σ in terms of representations and their characters in
SL(2,C). Then we find a simple set of coordinates for F(Σ) in terms of
traces of 2× 2 real matrices.
3.1. Representing orientation-reversing isometries by matri-
ces. For the following discussion of the Fricke space of the two-holed
cross-surface, represent H2 as a totally geodesic hypersurface in hy-
perbolic 3-space H3. Every isometry of H2 extends uniquely to an
orientation-preserving isometry of H3 preserving H2 ⊂ H3. (Compare
[14, 19]. To use the algebraic machinery of traces in SL(2,C), we must
also lift ρ0 to a representation ρ˜0 in the double covering SL(2,C) of the
identity component
Isom+(H3) ∼= PSL(2,C).
Such a lift is always possible since π1(Σ, o) is a free group. Denote the
lifted elements of SL(2,C) by A,B,X, Y respectively, as well.
Following [14], represent a lift of an isometry of H2 as an element of
SL(2,C) which is real if the isometry preserves orientation on H2, and
purely imaginary it the isometry reverses orientation H2. In the real
case, the matrix lies in SL(2,R), and is defined up to ±1. It may be
elliptic, parabolic or hyperbolic. If it is parabolic, then it is conjugate
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to:
(3) ±
[
1 1
0 1
]
If it is hyperbolic then it is conjugate to the diagonal matrix:
(4) ±
[
eℓ/2 0
0 e−ℓ/2
]
with trace ±2 cosh(ℓ/2). It corresponds to a transvection of H2. It
leaves invariant a geodesic (its invariant axis), which for the above ex-
ample corresponds to the imaginary axis in the upper halfplane model,
and it displaces points on its axis by length ℓ.
In the purely imaginary case, the corresponding purely imaginary
element of SL(2,C) is iP , where P ∈ GL(2,R) and det(P ) = −1. For
example the diagonal matrix
(5) iP = i
[
eℓ/2 0
0 −e−ℓ/2
]
∈ SL(2,C)
represents a glide-reflection of displacement length ℓ along the geodesic
in the upper halfplane represented by the imaginary axis. Its trace
equals 2i sinh(ℓ/2). Since a matrix in SL(2,C) representing an isometry
of hyperbolic space is only determined up to multiplication by ±1, the
matrix in SL(2,C) representing a glide-reflection of displacement length
ℓ has trace ±2i sinh(ℓ/2).
3.2. Trace coordinates. Suppose that ρ˜0 is a representation in SL(2,C)
(preserving H2 ⊂ H3) which covers a holonomy representation of a
marked hyperbolic structure on Σ.
The character of ρ˜0 corresponds to a quadruple (a, b, x, y) ∈ R
4 de-
fined by:
a := tr(A)
b := tr(B)
x := −i tr(X)
y := −i tr(Y )
subject to the trace identity
(6) a+ b+ xy = 0,
which arises directly from the “Basic Trace Identity” in [14]:
tr(XY ) + tr(XY −1) = tr(X)tr(Y )(
which in turn is just the Cayley-Hamilton theorem for SL(2,C)
)
.
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The character set
(7) C := {(a, b, x, y) ∈ R4 | a+ b = −xy, |a| ≥ 2, |b| ≥ 2}
identifies with conjugacy classes of lifts to SL(2,C) of holonomy repre-
sentations of marked complete hyperbolic structures on Σ.
Since {X, Y } freely generates π1(Σ, o), different lifts ρ˜0 of ρ0 differ
by multiplication by a character
π1(Σ, o)
χ
−→ {±1}
as follows. The group
G := Hom
(
π1(Σ, o), {±1}
)
∼= Z/2⊕ Z/2
acts on Hom(π1(Σ, o), SL(2,C)) by pointwise multiplication:
γ
χ·ρ
7−→ χ(γ)ρ(γ)
which is a representation since {±1} ⊂ SL(2,C) is central.
On the quotient of Hom
(
π1(Σ, o), SL(2,C)
)
by Inn
(
SL(2,C)
)
, the in-
duced G -action is described by the action on traces:
(a, b, x, y) 7→ (a, b,−x,−y);
(a, b, x, y) 7→ (−a,−b,−x, y);
(a, b, x, y) 7→ (−a,−b, x,−y).
Changing the sign of either tr(X) or tr(Y ) results in changing the sign
of tr(A) and tr(B), while changing the signs of both tr(X) and tr(Y )
leaves the signs of tr(A) and tr(B) unchanged.
The Fricke space F(Σ) then identifies with the quotient C /G . Since
none of a, b, x, y vanish, the action of G is free and F(Σ) also identifies
with one of the four connected components of the character set.
3.3. Relating traces to lengths. The nonperipheral essential orien-
tation-reversing simple curves X and Y are uniquely represented by
closed geodesics. Similarly the boundary curves A and B are closed
geodesics or cusps. Denote the lengths of these geodesics by ℓX , ℓY , ℓA, ℓB
respectively. Denote the angle of intersection of the geodesic represen-
tatives X and Y by θ. Explicit matrix representatives are given below:
X ←→ i
[
sinh ℓX
2
+ cos θ cosh ℓX
2
sin θ cosh ℓX
2
sin θ cosh ℓX
2
sinh ℓX
2
− cos θ cosh ℓX
2
]
Y ←→ i
[
eℓY /2 0
0 −e−ℓY /2
]
.
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Therefore,
x = 2 sinh
ℓX
2
(8)
y = 2 sinh
ℓY
2
a = −2
(
sinh
ℓX
2
sinh
ℓY
2
+ cos θ cosh
ℓX
2
cosh
ℓY
2
)
b = −2
(
sinh
ℓX
2
sinh
ℓY
2
− cos θ cosh
ℓX
2
cosh
ℓY
2
)
.
The defining inequalities for these matrices, x, y > 0 and a, b ≤ −2,
describe one component of the set of characters. The length identity
(9) cosh
ℓA
2
+ cosh
ℓB
2
= 2 sinh
ℓX
2
sinh
ℓY
2
.
results directly from applying (8) to (6).
Theorem 3.1. The lengths of boundary geodesics ℓA, ℓB ≥ 0, and the
lengths of orientation-reversing simple closed geodesics ℓX , ℓY > 0, sub-
ject to (9), provide coordinates for F(Σ).
Solve (9) for ℓY in terms of the other lengths. Thus, F(Σ) identifies
with the fibered space whose base is the closed first quadrant in R2
(ℓA, ℓB ≥ 0) and whose fiber R
+ (ℓX > 0) has no boundary. That is,
F(Σ) ≈
(
[0,∞)× [0,∞)
)
× R+.
4. Flat Lorentz 3-manifolds
Now we turn from hyperbolic structures on surfaces to flat Lorentz
structures on 3-manifolds. After a brief review of Lorentzian geometry,
we prove that every Margulis spacetime is orientable, even when the
corresponding hyperbolic surface is nonorientable.
4.1. Linear Lorentzian geometry. Let V denote a Lorentzian 3-
dimensional vector space. Denote its group of orientation-preserving
linear isometries SO(2, 1). In keeping with the notation adopted for
Isom(H2), we use uppercase letters to denote elements of this group.
The nonzero vectors v ∈ V such that
• v · v = 0 are called lightlike,
• v · v < 0 are called timelike, and
• v · v > 0 are called spacelike.
Any lightlike vector lies on one nappe of the lightcone. Choose one of
these nappes as the future lightcone. Any vector lying on (lightlike) or
inside (timelike) the future lightcone is said to be future-pointing.
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The correspondence between the hyperbolic plane and the set of
timelike lines in V induces an identification Isom(H2) ∼= SO(2, 1). Transvec-
tions correspond to hyperbolic matrices in SO(2, 1)0 with trace greater
than 3. The diagonal matrix (4) corresponds to
1 0 00 cosh(ℓ) sinh(ℓ)
0 sinh(ℓ) cosh(ℓ)


with trace 1 + 2 cosh(ℓ). Parabolic elements of SL(2,R) correspond to
parabolic matrices in SO(2, 1)0 with trace equal to 3. The matrix iP of
(5) representing a glide-reflection identifies with the diagonal matrix
1 0 00 − cosh(ℓ) − sinh(ℓ)
0 − sinh(ℓ) − cosh(ℓ)


having trace 1 − 2 cosh(ℓ) < −1. The corresponding isometry of E
preserves orientation but reverses time-orientation.
Call A ∈ SO(2, 1) non-elliptic if it does not fix a timelike line. Equiv-
alently, A corresponds to a glide-reflection, a transvection or a trans-
lation of H2 as above.
Suppose that A is non-elliptic. Then the 1-eigenspace for A is a
line spanned by a spacelike or a lightlike vector. We choose a specific
neutral vector, denoted A0, by requiring that:
• given a timelike vector v,
(
v, A2(v), A0
)
is a right-handed basis
for V. (This determines a unique direction for A0. Furthermore
this condition is independent of v.)
• if Fix(A) is spacelike, we choose A0 such that A0 · A0 = 1.
When A is hyperbolic (a transvection or glide-reflection), its eigenval-
ues are 1, λ, and λ−1, where
0 < λ2 < 1.
In the above example, λ = ±e−ℓ. Choose A− to be a future-pointing
lightlike contracting eigenvector, and A+ to be a future-pointing ex-
panding eigenvector:
A2(A−) = λ2A−, A2(A+) = λ−2A+.
Both contracting and expanding eigenvectors are lightlike, and the neu-
tral vector A0 is spacelike and well-defined. (See Figure 5 and compare
[5].)
When A is parabolic, A0 may be either future-pointing or past-
pointing and its Euclidean length is arbitrary. By convention, we set
A+ = A− to be a future-pointing vector that is parallel to A0.
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4.2. Affine actions. Let E denote the affine space modeled on V. The
group of Lorentzian isometries of E, denoted Isom(E), consists of affine
transformations whose linear part preserve the Lorentzian structure on
V. Equivalently, g ∈ Isom(E) if and only if its linear part L(g) ∈ O(2, 1).
Let A ∈ SO(2, 1) be non-elliptic. Since A is linear and therefore fixes
the origin, the cyclic group 〈A〉 it generates does not act properly on
E. However, for any vector u ∈ V with nonzero projection on A0, the
following affine transformation acts properly and freely on E:
g : p 7−→ o+ A(p− o) + u
where o is some choice of origin. The quotient E/〈g〉 is an open solid
torus.
More generally, if Γ0 ⊂ SO(2, 1) is a free group, we obtain an affine
action with linear part Γ0 by assigning translation parts to a set of free
generators.
4.3. Margulis spacetimes. Recall that a Margulis spacetime is a
quotient M = E/Γ whose fundamental group Γ is free, and acts prop-
erly, freely and discretely by Lorentz isometries.
Lemma 4.1. Every Margulis spacetime with a nonabelian fundamental
group is orientable.
A0
A-
A+
v
A2 HvL
Figure 5. Defining the direction of A0.
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Proof. For any Margulis spacetime M , the affine holonomy group Γ
acts freely on E. An affine transformation whose linear part does not
have 1 as an eigenvalue fixes a point in E. Therefore, for every γ ∈ Γ,
its linear part L(γ) must have 1 as an eigenvalue.
If L(γ) ∈ O(2, 1) \ SO(2, 1), then one of its eigenvalues equals −1. If
1 is also an eigenvalue, then A2 = I. Thus, if L(Γ) 6⊂ SO(2, 1), then
some γ ∈ Γ will have trivial linear part, and therefore is a translation.
By [13], Γ contains no translations. 
5. Affine deformations and cocycles
Affine deformations of a two-holed cross-surface S are parametrized
by Margulis invariants ofX, Y,A,B. We start with a general discussion
of the space of affine deformations of the linear holonomy of a surface
and the Margulis invariant. At the end of the section, we use the
Margulis invariant to provide coordinates for the deformation space for
the two-holed cross-surface.
5.1. Cocycles. Let S be an arbitrary hyperbolic surface with linear
holonomy Γ0 = ρ0(π1(S)) ⊂ SO(2, 1). Recall that an affine deformation
of Γ0 is a lift Γ0
ρ
−→ Isom(E) such that ρ0 = L ◦ ρ. Lifts correspond to
cocycles, that is, maps
Γ0
u
−→ V
satisfying
u(XY ) = u(X) + ρ0(X)u(Y )
Here the affine deformation is defined by:
p
ρ(X)
7−→ o+ ρ0(X)(p− o) + u(X).
Denote the space of cocycles Γ0 → V by Z
1(Γ0,V).
When Γ0 is free, as is the case for a two-holed cross-surface, a cocycle
is determined by its values on a free basis. Furthermore, the values on
a free basis are completely arbitrary.
Two cocycles determine translationally conjugate affine deformations
if and only if they are cohomologous, that is, they differ by a cobound-
ary
u(X) := v − ρ0(X)v
where v ∈ V is the vector effecting the translation. The resulting set
of translational conjugacy classes of affine deformations (cohomology
classes of cocycles) compose the cohomology group H1(Γ0,V).
In the present case, when Γ0 is free of rank two, and dim(V) = 3, the
space Z1(Γ0,V) of cocycles is 6-dimensional. The space of coboundaries
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is 3-dimensional. Therefore the cohomology H1(Γ0,V) has dimension
3.
5.2. The Margulis invariant. Continuing with the notation above,
the Margulis invariant of the affine deformation ρ(X) is the neutral
projection of the translational part u:
αu(X) := u ·X
0
The Margulis invariant is everywhere nonzero if and only if the affine
deformation is free. Moreover if u, v are cohomologous then αu(X) =
αv(X). Furthermore, fixing the cocycle u, the Margulis invariant is a
class function on Γ0.
The following basic fact (Margulis’s Opposite Sign Lemma) was
proved in [20, 21] for hyperbolic elements and extended in [5] to groups
with parabolic elements. The survey article [1] containsa lucid descrip-
tion of the ideas in Margulis’s original proof.
Lemma 5.1. Let g, h ∈ Isom(E) be non-elliptic. If the Margulis invari-
ants for g and h have opposite signs then 〈g, h〉 does not act properly.
5.3. Deformations of hyperbolic structures. Affine deformations
also correspond to infinitesimal deformations of the marked hyperbolic
surface Σ → S ([15, 18]). Consider a smooth family St of hyperbolic
surfaces, with smoothly varying markings
Σ
mt−→ St
and holonomy representation π1(Σ)
ρt
−→ SL(2,C). Let u be the cocycle
tangent to the space of representations at t = 0 . By [18], the Margulis
invariant identifies with the derivative of the geodesic length function
ℓγ, where γ ∈ π1(Σ, o). Specifically, let ℓγ(t) ∈ R+ denote the length
of the closed geodesic in St in the free homotopy class determined by
(mt)∗(γ) ∈ π1(S). Then:
αu(ρ0(γ)) =
dℓγ(t)
dt
.
Furthermore:
(10) tr
(
ρt(γ)
)
= ±2
{
cosh
ℓγ(t)
2
if γ preserves orientation
i sinh
ℓγ(t)
2
if γ reverses orientation
Differentiating (10) implies:
(11)
d
dt
tr
(
ρt(γ)
)
= ±
{
αγ sinh
ℓγ(t)
2
if γ preserves orientation
iαγ cosh
ℓγ(t)
2
if γ reverses orientation
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5.4. Coordinates for the four-sided deformation space. Fixing
A ∈ Γ0, the Margulis invariant is a linear functional on the space of co-
cycles Z1(Γ0,V), descending to a well-defined functional on H
1(Γ0,V).
To reflect this, we modify our notation for the Margulis invariant as
in [7]:
H1(Γ0,V)
µA−→ R
[u] 7−→ αu(A)
Now assume S is a two-holed cross-surface, with elements A,B,X, Y ∈
π1(S) as in §2. The invariants of elements A,X,X
−1A = Y determine
an isomorphism of vector spaces:
H1(Γ0,V)
µ
−→ R3(12)
[u] 7−→

µA(u)µX(u)
µY (u)


Consider a proper affine deformation. Lemma 5.1 implies the Mar-
gulis invariants of all nontrivial elements have the same sign. Namely,
consider an infinitesimal deformation of the hyperbolic structure on S
such that every closed geodesic infinitesimally lengthens or an infinites-
imal deformation where every closed geodesic infinitesimally shortens.
Differentiating (6) yields:
(13) da + db + y dx + x dy = 0.
Express these quantities using (8), its derivatives (11), and use the
fact that the Margulis invariants µA, µB, µX , µY of A,B,X, Y , are the
derivatives dℓA, dℓB, dℓX , dℓY respectively [18, 5]. The differentiated
trace identity (13) then implies:
(
sinh
ℓA
2
)
µA +
(
sinh
ℓB
2
)
µB =(14) (
2 cosh
ℓX
2
sinh
ℓY
2
)
µX +
(
2 sinh
ℓX
2
cosh
ℓY
2
)
µY .
After eliminating µB using (14), the positivity of µA and µB is written
as follows:
0 < µA(15)
<
(
2 csch
ℓA
2
cosh
ℓX
2
sinh
ℓY
2
)
µX
+
(
2 csch
ℓA
2
sinh
ℓX
2
cosh
ℓY
2
)
µY
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Recall that FourSided denotes the set of deformations where the func-
tionals µX , µY , µA, µB all have the same sign. Let FourSided+ ⊂ FourSided
denote those whose signs are all positive. Then the set of lengthening
deformations lies inside the set FourSided+ and is defined in terms of
the linear coordinates µA, µX , µY by (15) and the conditions µX > 0
and µY > 0.
FourSided+ is a four-sided cone, and is thus spanned by four rays.
Each of these rays can be defined by the linear equation (14) together
with one of the four conditions:
µY , µB > 0, µX = µA = 0
µX , µB > 0, µY = µA = 0
µX , µA > 0, µY = µB = 0
µY , µA > 0, µX = µB = 0.
The set of shortening deformations lies inside FourSided−, where
FourSided− = −FourSided+.
Figure 6. The four-sided deformation space for a two-
holed cross-surface
6. Crooked fundamental domains
In this final section we prove the Main Theorem stated in the In-
troduction. Explicitly, we show that every proper affine deformation
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admits a crooked fundamental domain bounded by four disjoint crooked
planes. It follows that E/Γ is a solid handlebody of genus two.
As in the case of the three-holed sphere [7], it suffices to consider
all affine deformations arising from a single configuration of crooked
planes. This configuration is modeled on the fundamental domain for
S developed in §2.3. These crooked plane configurations correspond to
decompositions of S into two ideal triangles bounded by three different
geodesics. Some of these crooked plane configurations also describe
the entire space of proper affine deformations. The more complicated
case of the one-holed torus requires the use of multiple configurations
of crooked planes to cover all the proper affine deformations [8]. That
is why we obtain a finite-sided deformation space, in contrast with the
case of the one-holed torus, for example.
We provide definitions and some background on crooked planes in
the Appendix.
6.1. Configuring crooked planes. Given a spacelike vector v ∈ V
and p ∈ E, let C(v, p) denote the crooked plane with direction vector v
and vertex p. Its complement in E is a pair of crooked halfspaces.
As one-dimensional spacelike subspaces of V bijectively correspond to
hyperbolic lines in H2, so do parallelism classes of crooked planes. Thus
to any configuration of lines in H2 we can associate a corresponding
configuration of crooked planes, up to choice of vertices. In particular,
every ideal triangle in H2 corresponds to a triple of crooked planes
such that every pair of direction vectors shares a common orthogonal
lightlike line. Moreover such a triple determines a triple of pairwise
disjoint crooked halfspaces, for appropriate choices of vertices.
Crooked planes enjoy the following useful property: orientation-
preserving Lorentzian isometries map crooked planes to crooked planes.
Explicitly, if g ∈ SO(2, 1) then:
g
(
C(v, p)
)
= C
(
L(g)(v), g(p)
)
.
Moreover, if these crooked planes are disjoint, then there exists a
crooked halfspace H in the complement of C(v, p) such that the clo-
sures of H and g(H) are disjoint. Thus crooked planes are suitable
for Klein-Maskit combination arguments, even for groups containing
glide-reflections.
6.2. Disjointness. Start with four crooked planes all with the same
vertex and corresponding to the ideal quadrilateral Q pictured in Fig-
ure 4. We associate vertices to each crooked plane which make them
disjoint. This assignment of vertices yields a proper affine deformation
of Γ0 = 〈A,X〉.
20 CHARETTE, DRUMM, AND GOLDMAN
We introduce a convention on lightlike vectors. Recall that glide-
reflections in Isom(H2) identify with isometries in SO(2, 1) which in-
terchange the future and past null cones. To facilitate calculations,
take all lightlike vectors to be future-pointing. If X corresponds to a
glide-reflection and v is a future-pointing vector then write all expres-
sions involving the action of X on v in terms of X(−v) which is again
future-pointing.
As in [7], it suffices to consider a triple of crooked planes correspond-
ing to one of the ideal triangles forming Q. Let v0, vA, vX be a triple
of consistently oriented unit-spacelike vectors such that:
v⊥0 = 〈A
−, X(−B+)〉
v⊥A = 〈A(B
+), A−〉
v⊥X = 〈X(−B
+), A(B+)〉.
These will be the directing vectors of our triple of crooked planes.
Given (p0, pA, pX) ∈ E × E × E, define the cocycle u(p0,pA,pX) ∈
Z1(Γ0,V) as follows:
u(p0,pA,pX)(A) := pA − p0
u(p0,pA,pX)(X) := pX − p0.
Since A,X freely generate π1(Σ, o), these conditions uniquely deter-
mine the cocycle u(p0,pA,pX).
This cocycle corresponds to the following triple of crooked planes:
C0 := C(v0, p0)
CA := C(vA, pA)
CX := C(vX , pX).
If ρ is the affine deformation corresponding to u(p0,pA,pX), then C0 bounds
a crooked halfspace whose closure contains ρ(A)−1(CA) and ρ(X)
−1(CX).
Note that the quadruple
CA, CX , ρ(A)
−1(CA), ρ(X)
−1(CX)
corresponds to Q.
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We would like these crooked planes to be disjoint. To this end,
consider the three quadrants:
Q0 := R+〈A
−,−X(−B+)〉
QA := R+〈A(B
+),−A−〉
QX := R+〈X(−B
+),−A(B+)〉
By Lemma A.4, the triple of crooked planes C0, CA, CX are pairwise
disjoint as long as (p0, pA, pX) ∈ Q0 ×QA ×QX .
Theorem 6.1. Let
(p0, pA, pX) ∈ Q0 ×QA ×QX .
Then the affine deformation defined by
u(p0,pA,pX) ∈ Z
1(Γ0,V)
is tame.
Proof. Apply the Kissing Lemma (Lemma A.5) to the crooked planes in
the halfspace bounded by C(v0, p0), to obtain pairwise disjoint crooked
planes. By Theorem A.2, they bound a fundamental domain. 
Figure 7 shows a quadruple of crooked planes, to which we apply the
Kissing Lemma to obtain pairwise disjoint crooked planes.
6.3. Proper deformations are tame. Now we conclude the proof.
Recall that all tame deformations are proper. The Margulis invariants
of the four elements X, Y,A,B are all of the same sign for every proper
deformation. That is,
Tame ⊂ Proper ⊂ FourSided.
We now show that FourSided ⊂ Tame .
As before, Lemma 5.1 implies that each of these sets has two con-
nected components which are opposites of each other. For proper de-
formations,
Proper = Proper+ ∪ Proper−
and Proper− = −Proper+. For tame deformations,
Tame = Tame+ ∪ Tame−
and Tame− = −Tame+. Thus
Tame+ ⊂ Proper+ ⊂ FourSided+
Tame− ⊂ Proper− ⊂ FourSided−
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Figure 7. Four crooked planes. The two on the right
share a wing.
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Theorem 6.1 asserts that the image of the mapping
Q0 ×QA ×QX −→ H
1(Γ0,V)
(p0, pA, pX) 7−→ [u(p0,pA,pX)]
lies in Tame.
In fact we shall show that this image is exactly FourSided+. The
proof for the positive components implies the same statements for the
negative components.
We will in fact consider cohomology classes in the closure of Tame+.
Write:
(16)
p0 := r0A
− − s0X(−B
+)
pA := rAA(B
+)− sAA
−
pX := rXX(−B
+)− sXA(B
+)
where
r0, s0, rA, sA, rX , sX ≥ 0.
Assigning a zero value to any of these coefficients yields a configuration
of kissing crooked planes, any two of which intersect in a point, a ray
or a halfplane.
Applying the definition of a cocycle:
Lemma 6.2. For any cocycle u,
• u(Y ) = X−1
(
u(A)− u(X)
)
;
• u(B) = Y −1
(
u(X)− u(Y )
)
.
Consequently:
(17)
u(A) = pA − p0
u(X) = pX − p0
u(Y ) = X−1(pA − pX)
u(B) = Y −1(pX − p0)− A
−1(pA − pX)
Therefore:
(18) µ([u(p0,pA,pX)]) =

 (rAB+ + s0X(−B+)) · A0(−(rX + s0)B+ − sXA(B+)− r0A−) ·X0
((rA + rX + sX)B
+ − sAX
−1(A−)) · Y 0


The following lemma is also immediate:
Lemma 6.3. Let (p0, pA, pX) ∈ Q0 ×QA ×QX be as above.
• u(p0,0,0)(Y ) = 0 so µY (u(p0,0,0)) = 0.
• u(0,pA,0)(X) = 0 so µX(u(0,pA,0)) = 0.
• u(0,0,pX)(A) = 0 so µA(u(0,0,pX)) = 0.
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The deformation space FourSided+ is the (open) convex hull of four
rays. We will exhibit a cocycle on each ray and show that its µ-
coordinates are all nonnegative.
Figure 8 serves as a visual aid in the calculation of µ-coordinates, by
showing where the relevant future-pointing vectors are located relative
to the axes of X and Y .
PSfrag replacements
X−
X+
Y −
Y +
X
Y
A
B
AY = AX
−1
BY = BX
dev(o˜)
Figure 8. Computing cocycles on the edge of
FourSided+. The locations of relevant future-pointing
vectors are shown. The figure depicts the case when
A,B are hyperbolic; in the case where either isometry
is parabolic, the corresponding invariant axis shrinks to
a point.
First ray: µ−1B (0) ∩ µ
−1
Y (0)
For µB = µY = 0, let (p0, pA, pX) = (−s0X(−B
+), 0, 0) with s0 > 0.
u(A) = s0X(−B
+)
u(X) = s0X(−B
+)
u(Y ) = 0
u(B) = Y −1(s0X(−B
+)) = −s0B
+
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Because B+ · B0 = 0, we know that µY (u) = µB(u) = 0. Recall that
X is a glide reflection, so that the future pointing vector X(−B+) lies
above the axis of X in Figure 8. Therefore, X(−B+) · X0 > 0 and
X(−B+) · A0 > 0, so that
µ(A) = s0X(−B
+) · A0 > 0
and
µ(X) = s0X(−B
+) ·X0 > 0.
Second ray: µ−1B (0) ∩ µ
−1
X (0)
For µB = µX = 0, let (p0, pA, pX) = (0, rAA(B
+), 0) with rA > 0.
u(A) = rAA(B
+)
u(X) = 0
u(Y ) = X−1(rAA(B
+)) = −rAY (−B
+)
u(B) = −A−1(rAA(B
+)) = −rAB
+
Clearly µX(u) = µB(u) = 0. The future pointing vector Y (−B
+) lies
to the right of the axis of Y in Figure 8, so that Y (−B+) · Y 0 < 0.
Because B+ · A0 > 0, then A(B+) ·A0 > 0. Thus,
µ(A) = rAA(B
+) · A0 > 0
and
µ(Y ) = −rAY (−B
+) · Y 0 > 0.
Third ray: µ−1A (0) ∩ µ
−1
X (0)
For µA = µX = 0, let (p0, pA, pX) = (0,−sAA
+, 0) with sA > 0.
u(A) = −sAA
+
u(X) = 0
u(Y ) = X−1(−sAA
+) = sAX
−1(−A+)
u(B) = −A−1(−sAA
+) = sAA
+
It is clear that µA(u) = µX(u) = 0. Because A
+ is a fixed point of
A = XY , the future pointing vector X−1(−A+) = Y (−A+) lies to the
left of the axis for Y so that X−1(−A+) · Y 0 > 0. It is also evident
that A+ · B0 > 0. Thus
µ(Y ) = sAX
−1(−A+) · Y 0 > 0
and
µ(B) = −sAA
+ ·B0 > 0
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Fourth ray: µ−1A (0) ∩ µ
−1
Y (0)
For µA = µY = 0, let (p0, pA, pX) = (r0A
−, 0, 0) with r0 > 0.
u(A) = −r0A
−
u(X) = −r0A
−
u(Y ) = 0
u(B) = Y −1(−r0A
−) = r0Y
−1(−A−).
Certainly µA(u) = µY (u) = 0. It is also clear that A
− ·X0 < 0.
In order to locate Y −1(−A−), observe that A− is inside the circular
arc from X(−B+) clockwise to Y − (see Figure 4). Because B = Y −1X ,
X(−B+) = Y (−B+) and Y maps the arc from X(−B+) clockwise to
Y − to the arc from Y − to B+. In particular, Y −1(−A−) · B0 > 0 so
that:
µ(X) = −r0A
− ·X0 > 0
and
µ(B) = r0Y
−1(−A−) · B0 > 0
Therefore, every cohomology class in the interior of the convex hull
of these four rays is represented by a cocycle u(p0,pA,0) such that
r0, s0, rA, sA > 0.
This only yields a configuration of crooked planes where C0 and CA are
disjoint, but each kisses CX . However, Equation (18) implies that by
slightly perturbing sA and r0, we can make rX and sX both strictly
positive within the same cohomology class. Finally, since the new val-
ues (p′0, p
′
A, pX) are in Q0 × QA × QX , [u(p0,pA,0)] ∈ Tame+ and thus
FourSided+ ⊂ Tame+ as claimed. 
Appendix A. Some facts about crooked planes
We present here some relevant definitions and facts about crooked
planes and the fundamental domains they bound. We refer the reader
to [9, 11] for proofs and background, as well as [7], where we first
considered triples of crooked planes.
Let p ∈ E be a point and v ∈ V a spacelike vector. Define the crooked
plane C(v, p) ⊂ E with vertex p and direction vector v to be the union
of two wings
p+ Rv+ + R+v
0
p+ Rv− − R+v0
and a stem
p + {x ∈ V | v · x = 0, x · x ≤ 0}.
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Definition A.1. Let v be a spacelike vector and p ∈ E. The crooked
halfspace determined by v and p, denoted H(v, p), consists of all q ∈ E
such that:
• (q − p) · v+ ≤ 0 if (q − p) · v ≥ 0;
• (q − p) · v− ≥ 0 if (q − p) · v ≤ 0;
• either condition must hold for q − p ∈ v⊥.
Observe that while C(v, p) = C(−v, p), the crooked halfspaces H(v, p)
and H(−v, p) are distinct components of the complement of C(v, p).
Crooked planes serve to prove a Klein-Maskit combination theorem
for free Lorentzian groups. The following theorem, proved for sub-
groups of SO(2, 1)0, extends to groups containing glide-reflections.
Theorem A.2. [9] Suppose that H(vi, pi) are 2n pairwise disjoint crooked
halfspaces and g1, . . . gn are non-elliptic elements such that for all i ∈
{±1, . . . ,±n},
gi
(
H(v−i, p−i)
)
= E \ int
(
H(vi, pi)
)
.
Then G = 〈g1, . . . gn〉 acts freely and properly on E with fundamental
domain
Ω = E \
⋃
−n≤i≤n, i 6=0
int
(
H(vi, pi)
)
.
We therefore need a condition for disjointness of crooked planes.
Start with a technical definition.
Definition A.3. Spacelike vectors v1, . . . , vn ∈ V are consistently ori-
ented if and only if, whenever i 6= j,
• vi · vj < 0;
• vi · v
±
j ≤ 0.
Lemma A.4. [7] Let v1, v2 ∈ V be non-parallel, consistently oriented
vectors such that v−1 = v
+
2 . Suppose
pi = aiv
−
i − biv
+
i ,
where ai, bi > 0 for i = 1, 2. Then C(v1, p1) and C(v2, p2) are disjoint.
Finally, while Theorem A.2 requires pairwise disjoint crooked planes,
some of the configurations we encounter contain crooked planes that
share a vertex, a line or even a wing. Nonetheless, these crooked planes
can be separated in cases of interest, as described in the following
lemma.
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Lemma A.5 (Kissing Lemma, [7]). Let u1, u2, v1, v2 ∈ V be pairwise
consistently oriented vectors and suppose q, p1, p2 ∈ E satisfy:
C(v1, p1) ∩ C(v2, p2) = ∅
C(v1, p1) ∩ C(u1, q) = C(v1, p1) ∩ C(u2, q) = ∅
C(v2, p2) ∩ C(u1, q) = C(v1, p1) ∩ C(u2, q) = ∅.
Let g1, g2 ∈ Isom(E) such that gi(H(ui, q)) = H(−vi, pi). Then there
exist q1, q2 ∈ E such that the following crooked planes are pairwise
disjoint:
C(u1, q1), C(u2, q2), C(v1, g1(q1)), C(v2, g2(q2)).
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